Dynamical symmetries of two-dimensional systems in relativistic quantum mechanics 
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The two-dimensional Dirac Hamiltonian with equal scalar and vector potentials has been proved 
commuting with the deformed orbital angular momentum L. When the potential takes the Coulomb 
form, the system has an SO{3) symmetry, and similarly the harmonic oscillator potential possesses 
an SU{2) symmetry. The generators of the symmetric groups are derived for these two systems 
separately. The corresponding energy spectra are yielded naturally from the Casimir operators. 
Their non-relativistic limits are also discussed. 
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Dynamical symmetries have been known for a long 
time in both classical mechanics and quantum mechanics 
[jI. In classical mechanics, both the orbits of the the Ke- 
pler problem and the isotropic oscillator are closed 2]. 
This feature suggests there are more constants of mo- 
tion other than the orbital angular momentmir. They 
have been shown as the Rung-Lenz vector [3, 4] in the 
Kepler problem and the second order tensors in the 
isotropic oscillator. These conserved quantities generate 
the SO{4:) and SU{3) Lie groups respectively. They are 
not geometrical but the symmetries in the phase space, 
and are called dynamical symmetries. These symmetries 
lead to an algebraic approach to determine the energy 
levels. Generally, the A*"— dimensional (ND) hydrogen 
atom has the SO{N + 1) and the isotropic oscillator has 
the SU{N) symmetry. 

In the relativistic quantum mechanics, the motion of 
spin-i particle satisfies the Dirac equation. A dynami- 
cal symmetry does not exist in either the Dirac hydrogen 
atom or the Dirac oscillator. Our question is: Do there 
exist two Dirac systems which have the same dynam- 
ical symmetries as the non-relativistic hydrogen atom 
and isotropic oscillator separately? In both the non- 
relativistic limits of the two Dirac systems, there exits 
a spin-orbit coupling in the Hamiltonians This 
suggests that the main reason of the breaking of dy- 
namical symmetries is the spin-orbit coupling. There- 
fore, in the Dirac system which has the same dynamical 
symmetry as the non-relativistic hydrogen atom or the 
isotropic oscillator, the spin and orbital angular momen- 
tum should be conserved separately, and the potential 
takes the Coulomb or harmonic oscillator form. 

Neither the spin nor the orbital angular momentum 
commutes with the Dirac Hamiltonian, even though in 
the free particle system. But, it has been shown that, 
in the Dirac system with equal scalar and vector poten- 
tials, the total angular momentum can be divided into 
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conserved orbital and spin parts as 
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where I 



r X p , s = -|- are the usual spin generators. 
It are the Pauli matrices, and Ur, = = J' is the 
helicity unitary operator 



— - p 
The components of them 
form the SU{2) Lie algebra separately. Then, the Dirac 
Hamiltonian, in the relativistic units, h = c ~ 1, takes 
the form 



H = - ^ + f3M +{1 + /3) 



V{r) 



(2) 



where ~a and (3 are the Dirac matrices, and M is the 
mass. Ginocchio [IS El has proved that the Hamiltonian 
has the U (3) symmetry in three-dimensional (3D) case, 
when the potential V{r) takes the harmonic oscillator 
form. And the angular momentum given in ([1]) are three 
of the eight generators. 

In this work we discuss the two-dimensional (2D) case. 
We choose ai = cti, 0:2 — (J2 and /? = txa, and write the 
Hamiltonian in matrix form as 



M + Y{r) pi - ip2 
Pi + ip2 



(3) 



One can notice there is no the helicity unitary operator in 
the 2D system. So we introduce a 2D version definition 
of the conserved orbital angular momentum as 



L 



■ 

p^ . 



(4) 



where B = pi —ip2, B^ = pi+ip2, and / — xiP2~X2Pi is 
the usual orbital angular momentum. It is easy to prove 
the commutation relation [L, H] — 0. 

The following question is: do there exist any other 
additional conserved quantities when the potentials V{r) 
are of some spacial forms? We assume the constants of 
motion take the form as 



Q 



Qii Q12B 
B^Q2i B^Q22B 



(5) 
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The commutation relation [Q, H] = requires the matrix 
elements must satisfy the equations: 

Qi2 = Q21, 

[Qii,no] + [Qi2,/] - 0, (6) 

[Qi2,V{r)] + [Q22,P^] = 0, 

Qii = Qi2(2Af + y(r))+Q22p'. 

They are the same as the 3D case [ll| (this suggests 
V{r) of the Eq. (1) in [ll| should be V{r)/2). In the 
following paragraphs we will give the solutions of ([6|) with 
the Coulomb and harmonic oscillator potentials in turn. 

Hydrogen atom. In non-relativistic hydrogen atom, the 
constants of motion are the orbital angular momentum I 
and two components of the Rung-Lenz vector 



r 



1,2, 



(7) 



2Mk 

where /i ~ 2p2^ ^ ipii f2 — ~2piZ — ip2, and k is the 
parameter in the Coulomb potential V'^{r) — —K One 
can get the following relations easily 



1 



2Mk 



= 0, 



2M^ 



0, 

: 0. 



(8) 



Therefore, we can obtain the solutions of ([6]) when the 
potential V{r) ^V''{r)^~^ 



Qi = 



2MRi 



i = 1,2. 



The commutation relations of the quantities are 



[L.,Ql]^tQ'i, [L,Q 



(9) 



(10) 



M^)L, 



and 



h\2 



h\2 
2) 



Hi 



where 



k^ 

' M - 
Pi + 



(4L2 + 1) + {Hh + Mfill) 



- - Pi- W2 

ip2 



(12) 

is the Dirac Hamiltonian in Eq. ([3]) with V{r) — V'''{r), 
The deformed orbital angular momentum L and com- 
mute with Hh, [L, Hh] = 0, [Q'i, Hh] = 0. 

These results show that the 2D Dirac system with 
equal scalar and vector potentials has the 5*0(3) sym- 
metry. The relations of the generators can also be used 
to solve the energy levels of this system. We define the 
normalized generators 



A2 
A3 



k^ 



iHl-M')]-iQl 



(13) 



Then, 

[A;, Aj] = ieijkAk, [i,i,k = 1,2,3). 
The 5*0(3) Casimir operator is given by 



(14) 



Oso3 — Ai + A2 



Al 



■jU + I), j = 0,1,2,... (15) 



Inserting pT]) and into (jlSp. one can get the eigen- 
values of the Hamiltonian Hh as 



-M, 



2j + 1 = 1,3,5,. 



(16) 



It takes the same form as the 3D case but different in the 
values of n [l2| . 

When M ^ 00, H ^ AI, the non-relativistic limit of 
the energy levels is given by 



M 



2^ 



-M, 



(17) 



the second term of which agrees with the non-relativistic 
results |T3| . We can also get the non-relativistic limits of 
the conserved quantities 



Hh - M 
2M 



Hi 



2M 



2M - " 



P 

2M- 



Ri 




1 

2Mk 



(18) 



(19) 



The upper-left elements of the above matrices are nothing 
but the non-relativistic hydrogen atom Hamiltonian and 
the Lung-Lenz vector, and the lower-right ones are their 
limits when fc — > 0. 

Harmonic oscillator. When the potential takes the 
harmonic oscillator form, V{r) = V°{r) — ^Muj'^r'^, the 
Dirac Hamiltonian becomes 



Hr, 



M + ^Muj^r'^ pi - ip2 
Pi + ip2 -M 



(20) 



To get the conserved quantities, we review some results 
in non-relativistic harmonic oscillator. The constants of 
motion in non-relativistic case are the orbital angular 
momentum J2 

1 



^ and the second order tensors 



where [rr]i — X1X2, [rr]^ - 
Ms = They satisfy 



i = l,3, (21) 
[pp]i = P1P2 and 



[M„p2]=0, [[rr],,V°{r)]^0, 



(22) 



-[[PPhVir)] 



[rrU,p 



0. 



2Mw ■ " ' 2' 

Insert these relations into we can get the conserved 
quantities in relativistic the harmonic oscillator potential 
as 



BHrr], 



[rr],B 
TT^B^^^B 



1,3.(23) 
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The commutation relations of L and Q° are 



2 



(24) 



[Ql,Ql]^i2^^{Ho + M)L, 



which show the constants of motion construct the SU (2) 
Lie algebra. 

The Casimir operator of the SU{2) is 



1 M, ,2 r2 

= + s = 0,i 1,^... 



In conclusion, we have shown that the 2D Dirac sys- 
tems with equal scalar and vector potentials have the 
SO{i) symmetry with the Coulomb potential, and the 
SU{2) symmetry for the harmonic oscillator potential. 
The nature of these symmetries are not geometrical 
but dynamical. Their Hamiltonian can be expressed in 
terms of the Casimir operators of the symmetry groups, 
which yield the energy spectra straightway. In non- 
relativistic limit, the eigenvalues lead the corresponding 
non-relativistic results. And the upper-left elements of 
the operators coincide with their non-relativistic coun- 
terpart accurately, while the lower-right ones take their 
free particle limits. 



Then, the eigenvalues of the Hamiltonian ((20|l are got as 
= — M or E^, which is the real root of the cubic 
equation 



{E+ +M){E+ - Mf 
2Mw2 



(n+ 1)2 = 0, 



(26) 



where n = 2s = 0, 1, 2.... It is coincided with the result 
in 3D case in JjQ]. 

When M ^ oo, H M, and the coefficient of elas- 
ticity Muj'^ keeps unchangeably, Eq. becomes the 
quadratic equation 



{E+ - Mf - {n + lfuj^ = 0, 



(27) 



Since Ginocchio has found the U{3) symmetry in 3D 
case with the harmonic oscillator potential, we can fore- 
tell our treatment can be generalized to the ND Dirac 
system to find the SO{N + 1) symmetry of the hydrogen 
atom and the SU (N) symmetry of the harmonic oscil- 
lator. Recently, Alhaidaria et. al. has revealed the 
equivalence between the Dirac equation and the Klein- 
Gordon equation with the equal scalar and vector po- 
tentials. This suggests the dynamical symmetries should 
exist in the spin-0 system. 
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which leads the non-relativistic energy levels of the 2D 
harmonic oscillator. At the same time, the operators give 
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